We prove that a fibration X/P 1 the general fiber of which is a smooth Fano three-fold is rationally connected. The proof is based upon a generalization of the classical Tsen theorem: we prove that a fibration X/C over a curve C the general fiber of which is a Fano complete intersection in a product of (weighted) projective spaces has a section.
Introduction
This paper is concerned with the following problem Problem 1.1 Let π: X → P 1 be a fibration, the general fiber of which is rationally connected. Then X is rationally connected.
A positive solution of this problem has the important consequence that fibrations over rationally connected varieties with rationally connected fiber are again rationally connected. If one accepts the predictions of Mori theory, then one is reduced to the analysis of Fano fibrations over P 1 , however one should have in mind that the fibers may all be singular in this approach since the total space is singular in general when passing from the original X to a model admitting a Fano fibration.
We have two main results:
Generalized Tsen theorem
Let P denote the weighted projective space P(a 0 , a 1 , . . . , a m ). Let V denote the class of Fano complete intersections in the product of weighted projective spaces P (1) × . . . × P (k) = P × where P (i) = P(a Corollary 1.3 Let π: X → P 1 be a fibration over a rational curve, the general fiber of which is a Fano complete intersection in the product of weighted projective spaces. Then X is rationally connected.
Fano fibrations
Theorem 1.4 Let π: X → P 1 be a fibration, the general fiber of which is a smooth Fano threefold. Then X is rationally connected.
The proof of this theorem is by running through the classification of Fano 3−folds by Iskovskikh,Mori and Mukai and using ad hoc methods in the single cases. We are giving details only in case b 2 = 1 while details for b 2 ≥ 2 will be written up at a different place.
After having completed our work up to some redigations, we got aware of the new prepint [GHS01] in which the problem 1.1 appears to be completely solved with totally different methods from deformation theory and moduli theory of curves in the meantime also a preprint of de Jong-Starr appeared. However this paper remains meaningful, because the methods presented here are effective (sections are explicitly constructed) and they seem to be much simpler. An interesting aspect is also that our approach avoids the involved considerations of multiple components of fibers.
Plan of the proof of the generalized Tsen theorem
We will prove a particular case of Theorem 2, when P (i) ≡ P = P M is the ordinary projective space and the general fiber V ⊂ P × . . . × P is a hypersurface of the type (M, . . . , M). In the general case no modification of the method is necessary, all the technique developed below works automatically as it is (up to the Lefschetz theorem 1.5). However, in the general case one needs considerably more complicated notations. This is essentially the only reason why we restrict ourselves by this typical particular case.
Our proof consists of two main steps:
• first, we construct a special model X ♯ /C, birational to X/C over C:
where over a point x ∈ C of general position the birational map χ is a biregular isomorphism of fibers, so that, in particular, χ induces a bijection Sect(X/C) ↔ Sect(X ♯ /C) as hypersurface of type (M, . . . , M) in P × . . . × P = P ×k . However, in the general case this embedding cannot be globalized, even on the birational level, that is, there exists no birational map over C X − − → P ×k × C to the trivial (or a locally trivial) P ×k -fibration over C, which would have embedded a fiber of general position into P ×k as a hypersurface of the type (M, . . . , M). It is exactly for this reason that the classical Tsen theorem [Ts36, Ko96] does not work. We will show, however (Sec. 2), that there exists a certain analogue of such a globalization: an embedding
over C, where P ♯ is fibered over C with the general fiber P ×k (but of course P ♯ /C is not a locally trivial P ×k -fibration). The construction of the space P ♯ and the model X ♯ is very explicit and makes it possible to study the problem of existence of sections.
• Second, we prove existence of sections of X ♯ /C ֒ → P ♯ /C (and simultaneously give a description of all sections). We proceed in two steps:
-to begin with, we describe the sections of the ambient fibration P ♯ /C.
-After that, using the explicit description of those divisors X ♯ ⊂ P ♯ , the fiber of which over a point of general position x ∈ C is a (M, . . . , M)-hypersurface in P ×k , we make the crucial step: we write out the conditions (a system of algebraic equations on the parameters, defining the sections of the fibration P ♯ /C), which make a section s: C → P ♯ lie where it should:
Now a simple dimension count in the spirit of the classical Tsen theorem [Ts36] , [Ko96] shows that these conditions really can be satisfied, which completes the proof.
There is one point to be a little careful concerning complete intersections in weighted projective spaces: Proposition 1.5 Let P j be weigthed projective spaces, P = P 1 × . . . × P r and X ⊂ P be a quasi-smooth complete intersection of dimension at least 3. Then the restriction map
is an isomorphism. (c) Argue directly as follows. First we consider general quasi-smooth complete intersections X. Let P m j → P j the quotient map, letP = P m 1 × . . . × P mr and consider the preimageX of X inP. Since X is general,X will be smooth. Now apply the Lefschetz theorem forX ⊂P and go back to X. Of course this works only for general X. But any quasi-smooth X is a deformation of those X for which we already know our claim. Then we see immediately that the claim holds also for the special X : it is of course clear that Pic(X) = Pic(X t ), and a small argument shows that every line bundle on X is induced by a line bundle on P, since it is topologically the case and the analytic cohomology in the exponential sequence vanishes. Q.E.D.
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Construction of the special model
In this section we realize the first step of our program: we construct a special model of the fibration X/C, adjusted to our program.
The finite cover, parametrizing projections of the fibers
Consider the fibration X/C as in subsection 1.3. For a point x ∈ C of general position the fiber π −1 (x) = X x is a hypersurface of the type (M, . . . , M) in P ×k . Therefore, for X x one gets k canonically given projections pr: X x → P.
These k projections can be reconstructed from the variety X x itself and do not depend on its particular projective embedding.
Proposition 2.1 There exists a projective curve B (reduced, but possibly reducible), which is a k-sheeted cover of the curve C: τ : B → C, deg τ = k, the points of which parametrize the projections of the fibers X x → P in the following sense. There exists a regular algebraic map
where 
Proof. For simplicity let k = 2. The fibers of the projections X x → P i , x ∈ C, i = 1, 2 define either two or one irreducible families of cycles. In the first case we obtain two rational maps X ⇀ P i , which are regular on the general X x . Then we let B be two disjoint copies of C and the rest is clear. So we may suppose that we have one irreducible family; let C → T denote its graph with projection ρ : C → X. Then we obtain canonically a map h : T → C which is of course a 2-sheeted cover (generically). Therefore we set B = T. Over C 0 , we have C = X × C 0 B 0 , and there exists a map C ⇀ P, just by sending z ∈ C t to the point in P , to which ρ(C t ) is mapped by the corresponding projection
2.2 Construction of the ambient space P ♯ = P B/C : an analytic description over C
•
Denote by the symbol P B = P × B the trivial P-fibration over B, and by π B : P B → B the corresponding projection. Let P y = P × {y} = π −1 B (y) be the fiber over a point y ∈ B, and π C : P B → C be the composition π C = τ • π B . As above, denote by C
• ⊂ C, the set of points of general position, which have precisely k preimages in
B.
An open (in the real topology) set D ⊂ C • (for instance, a small disk) is said to be simple, if
where τ :
where the symbol D stands for the fiber product with respect to the morphisms
mean the projection onto the i-th factor. Now set X(D) = π −1 (D) ⊂ X and look at the fiber product
where X(D) (i) is the identical copy of the set X(D), corresponding to the connected component
be the corresponding isomorphism.
Lemma 2.2 There exists a uniquely determined natural morphism -an inclusion
such that for each i = 1, . . . , k the following diagram is commutative:
where
is given by p|D • pr D , with p|D the restriction of the projection p from Proposition 2.1 onto the set D.
Proof. Define the morphism ι D by the formula
The diagram (2) is now obviously commutative. It is also obvious that (3) determines the morphism ι D uniquely. For a fiber X x , x ∈ D, it means simply that the k projections p y : X x → P y , y ∈ τ −1 (x), determine the embedding
so that the construction, described above, can be applied to D ♯ , too. It is easy to see that there is a uniquely determined natural inclusion
which makes the following diagram commutative:
This makes it possible to glue the varieties 
2.3 Construction of the ambient space P B/C : an analytic description in the ramification case
To be able to work conveniently with the space P B/C it is necessary to complete it over the points x ∈ C \ C
• . We may assume that if the curve B has several irreducible components, then they are disjoint, that is, if a fiber τ −1 (x) consists of less than k points, then it happens due to ramification of the morphism τ . We also may assume that the exceptional set C \ C
• consists of such points only, because if ♯τ −1 (x) = k, then the space P B/C is constructed exactly as above (although the embedding morphism i for the corresponding fiber X x ֒→ P B/C x is possibly no longer defined). Now take a point x ∈ C \ C • and consider
where a ≤ k − 1, l i ≥ 1 and at least one of the integers l i is strictly bigger than 1. Let D ⊂ C be a small disk with the centre at the point x, where
and there exist local coordinates z on D and
i . Let ζ i be a primitive root of degree l i from 1 and G i = Z l i be the cyclic group of order l i . Set
a }. Now we define P B/C locally on D in the following way:
where the cyclic group G i = σ i acts on the i-th factor of the fiber product Z(D) as follows
j are permuted in the cyclic way). This action is obviously compatible with the construction of the fiber product ((ζ i z i )
) and thus the defined action of G i can be naturally extended to an action on Z an (D) (on the other fiber factors the group G i acts trivially).
It is checked easily that in the punctured disk D ♯ = D \ {x} this construction coincides with that of Sec. 2.2: more precisely, if D ♯ ⊂ D is a simple open set, so that
, then there is a uniquely determined natural inclusion
where on the left-hand side we have the space, constructed in Sec. 2.2. Indeed,
are isomorphisms. In particular, one can take l i single-valued branches of the function z 1/l i = τ −1 i,j . Fix one of them and set
, which corresponds to the chosen branch. Now let λ:
be given on the i-th factor by the formula (p
where f ∈ Z is defined by the condition
It is easy to check that λ determines an isomorphism
which, moreover, does not depend on the choice of ζ i and the single-valued branch of the root (·) Here for any point x ∈ C • the fiber of the projection π is
Construction of the ambient space P B/C : an algebraic description
The analytic description of P B/C = P B/C an given above is very convenient for local computations. However, a priori it is unclear whether P B/C is an algebraic variety. So now we give a description of the space P B/C from the viewpoint of algebraic geometry, which we will denote by P B/C = P B/C alg ; a little later we will prove that there is an isomorphism of complex spaces
with the natural projection π B onto
induced by the projection π B on each factor. Let
we have the canonical action of the symmetric group S k : it permutes the factors of the fiber product. This action is obviously compatible with the projection
and let
be the closure of the open set Z P (C • ). The closed sets Z B , Z P are invariant with respect to S k , π B (Z P ) = Z B , π −1 B (Z B ) = Z P , and the projection π B is compatible with the action of the group S k . It is easy to see that the quotient variety satisfies Proof. Let D ⊂ C • be a simple open set, so that over D the cover τ : B → C is reducible,
As above, the symbol π denotes the natural projection for each of the varieties under consideration. By definition,
Consider the map
an (D) defined in the following way:
where the permutation σ ∈ S k is uniquely determined by the condition
It is easy to see that the fibers of the map λ are precisely the orbits of the group S k , so that λ defines a natural isomorphism
Since this isomorphism is natural, it extends to an isomorphism
We must check that this isomorphism of complex spaces extends to a global isomorphism
an . To avoid overcomplicated notations, we perform this work for an "extremal" particular case of the maximal ramification, when B has only one branch over x ∈ C. In the general case of several branches the arguments are completely similar, only there are more indices and the formulas are more complicated. So assume that τ −1 (x) = {y} and with respect to suitable local coordinates z and w on C and B the map τ is given by the formula
Recall that
Let the symbol S • (Z k ) denote the set (group) of permutations of the additive group Z k , which maps 0 to itself. We get the decomposition
ζ is a fixed primitive root of unit of degree k. The group S k permutes the components
i = 1, . . . , k, and we identify the integer i and its image in Z k . Now set Z P (D, σ) to be the closure of
. Obviously, the group S k permutes isomorphically the subsets Z P (D, σ) and acts transitively on the set of these subsets. Therefore, if N(σ) ⊂ S k is the stabilizing subgroup of the component Z P (D, σ), then
does not depend on i = 1, . . . , k, that is, µ is a power of the cycle (12 . . . k).
This fact gives us the required isomorphism
It is easy to check that the isomorphism just constructed is compatible with the isomorphisms
2.5 Divisors of fiber-wise type (M, . . . , M) on P
B/C
In this subsection we construct the special model X ♯ /C which was already discussed in sect. 1.3. Recall the rational map p: X × C B − − → P, regular over C
• . Using the projection onto the second factor, we extend p to the map
also regular over C • . Now construct the product
and note that there is a natural isomorphism
Taking the composition with the diagonal embedding
we get the rational map
It is easy to see that this map is equivariant with respect to the action of the symmetric group S k and that the image of X × C Z B lies in Z P . Factorizing by S k and taking into consideration that Z B /S k is just C, we get a map
is the desired special model of X/C. Thus we have realized (on the birational level) the fiber space X/C as a hypersurface X ♯ ⊂ P B/C of fiber-wise type (M, . . . , M). Now let us give an explicit description of such hypersurfaces.
Fix a system of homogeneous coordinates (u 0 , . . . , u M ) on P. Let
be the set of all monomials of degree M in the variables u * . For every point x ∈ C
• the fiber τ −1 (x) = {y 1 , . . . , y k } consists of precisely k points, and the fiber P B/C x naturally identifies with the product P (1) × . . . × P (k) , where P (i) = P corresponds to the point y i ∈ B. Consider the set of all monomials of the type (M, . . . , M) on the space P
where the monomial M j , the homogeneous coordinates on the space P (l) . Obviously, there are
Defining a hypersurface of the type (M, . . . , M) in
is equivalent to give a point in the projective space
or a non-zero set of coefficients {c i 1 ,...,i k ∈ C|i l ∈ J}/C * modulo a non-zero factor. For a given hypersurface of the type (M, . . . , M) we can change the system of coordinates and make sure that for some index e ∈ J c e,e,...,e = 0.
Normalizing this coefficient to 1, we determine all the other coefficients c i 1 ,...,i k .
In particular, for our hypersurface X ♯ ⊂ P B/C we obtain: at a point x ∈ C
• of general position the set of coefficients, defining the hypersurface X
, is unique. It is easy to see that the functions on C
• that we get as coefficients are branches of multi-valued rational algebraic functions on C. More precisely, let D ⊂ C
• be a simple open set
Then we get a unique set of meromorphic functions
defining the hypersurface X(D):
Now we have to globalize the meromorphic functions c ♯ as branches of multi-valued rational functions on C, that is, rational functions on certain covers of the curve C. Obviously, if c i 1 ,...,i k and c j 1 ,...,j k are two branches of one and the same multi-valued meromorphic function, then the k-uples (i 1 , . . . , i k ) and (j 1 , . . . , j k )
differ by a permutation of the symbols only. More formally, for any partition
and any set M 1 , . . . , M r of pair-wise distinct monomials from M consider all the maps
Such maps and only such maps (for a fixed partition and a fixed set of pair-wise distinct monomials M i ) can generate different branches of the same multi-valued function.
Let α k 1 ,...,kr : A k 1 ,...,kr → C be the finite cover, parametrizing for any point x ∈ C • of general position all the partitions of the fiber τ −1 (x) into a system of subsets of cardinality k 1 , . . . , k r :
where S k 1 × . . . × S kr ֒→ S k is the natural inclusion. The curve A k 1 ,...,kr certainly can be reducible. In this case when we speak about a rational function
we mean an arbitrary set of rational functions on its components. A hypersurface of fiber-wise type (M, . . . , M) in P B/C is defined by a set of rational functions a 
Fixing a set of rational functions a ♯ ♯ , which defines the hypersurface X ♯ = ι(X) ⊂ P B/C , our description of the special model X ♯ ⊂ P B/C is complete: everything is ready for investigation of the problem of existence of a section of the morphism π: X ♯ → C.
Existence of sections
In accordance with our strategy, we look at the sections of the fibration X ♯ /C as the sections of the ambient fibration s: C → P B/C , π • s = id C , the image of which lies in X ♯ , i.e. s(C) = X ♯ .
Sections of the ambient fibration P B/C
Let x ∈ C • . To give a section s: C → P B/C means to give a value
for every point x ∈ C • , which is the same as to give values
Hence sections of the ambient fibration are in one-to-one correspondence with sections
In their turn, the latter sections are determined by (M +1)-uples of rational functions on B. Now we introduce certain finite-dimensional spaces of sections in the following way. Let R be an effective divisor on B. Set
and any non-zero s ∈ S(R) \ {0} determines a section of the fibration P B /B and thus of P B/C /C. If deg R ≫ 0 is, then the map
is injective on a non-empty Zariski open subset of P(S(R)). ¿From now on we assume that τ (R) ⊂ C • , so that R does not contain ramification points of the morphism τ .
Sections of the fibration X
and let u (i) j be the homogeneous coordinates on P (i) , which come from the coordinates u ♯ on P. In terms of these coordinates the hypersurface X ♯ (D) ⊂ P B/C (D) is given by the equation where B(k 1 , . . . , k r ) is the set of all partitions of the type (k 1 , . . . , k r ) of the set {1, . . . , k}, parametrizing the points of the fiber τ −1 (x). Take s = (s 0 , . . . , s M ) ∈ S(R). Obviously,
The image of the section s
Let us understand what happens when s Proof. This is obvious, since both s (i) j (z) and c ♯ (z) come from the globally (over C) defined objects: the branches of multi-valued algebraic functions on C, and for
glue together into a single-valued function on C
• and thus on C.
Q.E.D.
The crucial fact
Let (F (s)) be the divisor of poles and zeros of the rational function F (s) on C.
Proposition 3.2 There exists an effective divisor ∆ on the curve C, depending on the hypersurface X ♯ only (but not depending on R), such that for s ∈ S(R)
Proof. We observe that up to a divisor ∆ which does not depend on R the poles of the rational function F (s) are bounded from above by the divisor
Let us prove first a local version of the estimate (5). Let D ⊂ C • be a simple open set,
where s
The local version of (1) is now provided by

Proposition 3.3 There exists an effective divisor
Proof. Since the degree of the monomials M i is equal to M, whereas by construction for any i, j (s
Recall that the functions c i 1 ,...,i k are branches of the rational functions
and thus depend on X ♯ only. Their poles are fixed and therefore there exists an
which is what we need.
Now we globalize (3.3) and prove Proposition 3.2 From the local fact which we have just obtained we immediately get the estimate
• by assumption). Consequently, to complete the proof of Proposition 3.2 it remains to consider the poles of the function F (s) at the points x ∈ C \ C
• and prove that they are bounded. But this is easy and done as follows. In order to be able to work with coordinates, we use the analytic description of
Let us pull back all the functions to Z 
Setting ∆ = ∆ + + ∆ ♯ , we complete the proof of Proposition 3.2. Q.E.D.
End of the proof of Theorem 1.2
As we have seen above, the map
is a map between affine varieties
By construction (locally over each simple open subset D ⊂ C • and therefore globally due to the well-known characterization of polynomial functions) ϕ is polynomial of degree Mk, that is, makes a regular map of affine spaces
Obviously 0 ∈ ϕ −1 (0), so that the fiber ϕ −1 (0) over the point 0 ∈ L(Mτ * R + ∆) is non-empty. Consequently,
where K ∈ Z is a constant. Therefore if deg R ≫ 0 is sufficiently large, then the fiber ϕ −1 (0) contains non-zero elements, which define sections of the fibration X ♯ /C.
The proof of Theorem 1.2 is now complete.
The general theory [KMM96] now implies that the fibration X ♯ /C has plenty of sections, connecting arbitrary points w i ∈ X ♯ in distinct fibers. The map ϕ constructed above gives an explicit description of sections as solutions of a system of algebraic equations, whereas the inequality (6) gives an estimate for the dimension of the space of sections with bounded poles. The concluding part of our arguments is a generalization of the classical proof of the Tsen theorem for the "twisted" (not locally trivial) fibration P B/C → C.
Fibrations of Fano threefolds
Our first result is Theorem 4.1 Let π : X → C = P 1 be a fibrations with general fiber X b a Fano 3−fold with b 2 (X b ) = 1. Then π has a section.
Proof. We are going to apply the classification of Fano 3−folds and refer to [IP99] with the further references given there. Let r be the index of X b . If r = 4 or r = 3, then X c is P 3 or Q 3 , and the claim follows from Theorem 1.2. If r = 2, then X b is a del Pezzo 3−fold and all cases are again settled by 1.2 except for X b being of type V 5 , i.e. X b is a linear section of G(2, 5) embedded by Plücker in P 9 .
In that case we consider the relative Douady space τ : D → B of lines in π−fibers.
Since the surface of lines in X c is just P 2 , the map τ is a generic P 2 − fibration over B. Thus τ has a section providing a single rational curve in the general fiber X c . These rational curves define a rational surface in X over P 1 , so that π has a rational section. It remains to treat the case r = 1. Let g be the genus of X c . If g ≤ 5, then again X c is a complete intersection in a weighted projective space, so we can apply 1.2. So let g ≥ 6; here we will use the Mukai construction. Let C * ⊂ C be the set of regular values of π and fix c ∈ C. Then there exists a unique stable vector bundle E c over X c which is spanned and whose sections define a map
for the tautological bundle E on G(m, V c ). Note that φ c is an embedding if g ≥ 7 but it may be a two-sheeted cover if g = 6. Moreover φ b (X c ) is a complete intersection in G(m, V c ) if g ≥ 8. Now every stable bundle on X c of the same rank and same Chern classes of E c is isomorphic to E c . The E c clearly glue locally; and we are going to show that they even glue globally to a vector bundle E over X * = π −1 (C * ). In fact, choose an open covering U i ⊂ C * such that E i exists over V i = π −1 (U i ). Then the uniqueness of E c yields isomorphisms
By stability, we have Aut(E c ) = C * , hence the cocycle condition
is satisfied up to C * . This means that at least that the P(E i ) glue to a projective bundle over X * . Since X is a rationally connected fibration over P 1 , this bundle has to come from a vector bundle E. As a consequence we obtain a map ψ : X ⇀ Z to a fibration σ : Z → C which is a Grassmann bundle over C * and which is birationally a product. Moreover ψ|X c = φ c for c ∈ C * . If now g = 8 or g = 6 and X is not special, then we can apply the next proposition (Tsen for Grassmann bundles) to conclude. The special case (with genus 6) is the following: the sections of E c provide a 2−sheeted covering
the image of which is a Fano 3−fold of type V 5 . Now the (analytic) preimage of a line in V 5 is a conic in X c and conversely every conic in X c is mapped to a line in V 5 . Therefore the conics in X c form an irreducible family, parametrized by a surface S, which admits a map h : S → P 2 , the surface of line in V 5 . Clearly two smooth conics cannot be mapped to the same line, hence h is birational, i.e. S is rational. Now the same argument as in the case V 5 provides a section in X. In the remaining cases more efforts are necessary, given in 4.3 and 4.5 below. Q.E.D. 
If k i is smaller as the index of G, i.e. k i < N + 1, then H → B has a section.
Proof. For simplicity of notations we treat only the case where H is a hypersurface and leave the trivial amplification to the general case to the reader. A section s of H → B is given by p + 1 elements 
to be the space parametrizing the (p + 1)-uples of elements s i and consider the map
which is given by Plücker coordinates and where we set
Its image may well be non-closed. Denote by W (d * ) its closure in P d . The first problem is to compute its dimension dim W (d * ). From now on we will assume that
It is enough to prove our claim for one particular choice of degrees d i , so let us take this one. In this case denote V (d * ) by V e , W (d * ) by W e . Note that the morphism
is dominant by construction.
Lemma. The relative dimension
dim V e /W e = dim V e − dim W e = (p + 1) 2 as soon as e ≥ 2g + 1. Putting off the proof of the lemma for a while, let us complete the proof of (4.2). Indeed, if the hypersurface H is defined by the equation
, then the condition (2) is rewritten in Plücker coordinates as
A section s = (s I ) of the trivial fibration B × G/B given by its Plücker coordinates s I is actually a section of the fibration H/B if and only if F (s(b)) ≡ 0. Now assume
where m = deg(L), determines a polynomial map
of closed affine algebraic varieties. Now ϕ −1 (0) ∋ 0, so that the fiber over 0 is non-empty. Thus
up to a bounded integer. Thus, precisely as in the usual Tsen theorem, we obtain a section.
for (4.2).
Proof of the lemma. We have to show that if (s 0 , . . . , s p ) is as above and generic and if (s
with a (p + 1) × (p + 1)−matrix A = (a ij ) of meromorphic functions on B with det A = 1, then A is constant, i.e. all a ij are constant functions. To this extent we define a meromorphic map
Here the bracket [ . ] on the right hand side means the projection from a vector space V \ 0 to projective space, resp. [ 
. Now in homology we can write
with a line l ⊂ P p and some integer a ≥ 0. Let Therefore we obtain an embedding ψ : B × P p → P N ′ with N ′ = h 0 (B, G ⊕N +1 )−1. Recall that -possibly after dualizing the Grassmannian -we may assume that 2(p + 1) ≤ N + 1. Now let τ : P N ′ → P N be the projection from a generic P M with M = N ′ − N − 1. Then τ is holomorphic since N + 1 > p + 1. Moreover ψ is of the form ψ = τ •ψ and ψ is birational unless every P N ′ −N meetsψ(B × P p ) at least twice. This can happen only if p + 1 = dim B × P p ≥ codim P ′ N P N ′ −N , i.e. if p + 1 ≥ N. Since N ≥ 2(p + 1) − 1, as stated above, it follows p = 0 and N = 1, a trivial case. This finishes the proof of (4.2).
We are now attacking the cases g = 9, 10, 12. The key is (4.3); here it is more convenient to use affine notations for the Grassmannians. Then the projection Z → B has a section.
q(e 5+i , e 5+j ) = δ ij . Finally let e 5 be in the orthogonal complement of the e i already chosen. Denoting by x again the variable on C and denoting by s i,j the Plücker coordinates of the section s (1 ≤ i ≤ 4; 1 ≤ j ≤ 9), we can write the equations for a section s to be in Z in the following form: and to all other coordinates weight d, then we obtain, adding the 7 additional linear equation for describing Z ⊂ Σ, in total 10d + 7d = 17d conditions. On the other hand we have 16d + 4 d 2 = 18d parameters, which is bigger than the number of conditions. This settles the case g = 7.
It remains to treat Fano fibrations whose fibers have b 2 ≥ 2. This is rather tedious and works by running through the classification of Mori and Mukai. Of course the geometry of the Mori contractions plays the decisive role. Here is just one argument as example -details will be worked out in another paper. Suppose that some (hence every) smooth fiber X c admits only one birational contraction. Then we can contract fiberwise to obtain X ⇀ X ′ → C. If the birational contraction of X c contracts the divisor to a point, then X ′ has a section. Otherwise we get a distinguished curve C c ⊂ X ′ c , i.e. we obtain a ruled surface S ⊂ X ′ → C, which has a section.
